Based on the general solution of the displacement method for isotropic plane problems, the analytical solution for the plane problem of coated materials subjected to an arbitrary concentrated force on the free surface has been derived explicitly by using the image point method. The displacement functions are assumed to be the infinite series of the harmonic functions defined in the local coordinate systems with their origins placed at different image points. The harmonic functions corresponding to the higher-order image points can be deduced from those to the lower-order points by the recurrence formulae presented in this paper, and the first two harmonic functions are the displacement functions for the solution of a semi-infinite plane subjected to a concentrated force on the free surface. The theoretical formulae have been confirmed by numerical, finite-element-based, results in a special coated material.
Introduction
With the wide application of film-coated and surface-treated materials in engineering structures, the stress and failure analysis of coated materials have been the focus of attention. To obtain interfacial stresses for the evaluation of the cohesive strength, there are commonly three approaches: analytical, numerical, and experimental. In the last two decades, some numerical studies [Djabella and Arnell 1993; Hiroyuki et al. 1994b; Hiroyuki et al. 1994a; Kouitat-Njiwa and von Stebut 2003 ] and experimental methods [Masayuki et al. 1994; Takuma et al. 2000 ] have been developed. However, accurate stress results at the interface cannot be obtained easily by numerical or experimental methods for reasons of the thin coating or surface layer. Therefore, an analytical solution for coated materials is desirable.
For coated materials with a thin surface layer, the analytical solution of the stress field cannot be deduced easily by the theoretical method due to the difficulty in satisfying boundary and interface conditions. In recent years, the image point method has been applied to the construction of stress or displacement functions and the analytical solutions of coated materials for some cases have been obtained. The image point method is a technique that uses the superposition of known solutions to construct the solution of other complicated problems, and the relevant stress or displacement functions are expressed in the form corresponding to the loading point or image points. To our knowledge, this method was first employed by Mindlin [1936] , who dealt with the fundamental solution for a single force applied in the interior of a semi-infinite solid, and the solution may be called a half-space nucleus of strain. Subsequently, Mindlin and Cheng [1950] provided many fundamental solutions for nuclei of strain in the half-space solid. Rongved [1955] found the theoretical solution of a point force acting in the interior of one of the two jointed half-spaces. Dundurs and Hetényi [1965] force applied in the interior of one of the two elastic half-spaces jointed by a sliding contact interface. Phan-Thien [1983] considered the case of an elastic half-space with a fixed boundary. Hasegawa et al. [1992] investigated Green's function for the axisymmetric problem of a bimaterial elastic solid. Recently, Ma and Lin [2001; 2002b] researched Green's functions for an isotropic elastic half-plane and bimaterial subjected to forces and dislocations, and nearly all kinds of image singularities for both half-plane and bimaterial were discussed in considerable detail. In these studies, one reflection face exists and the image point is a single point as far from the face as the object point. If there are two parallel reflection faces, the object point will lead to infinite image points by reciprocal reflections. Therefore, the image point method can be also extended to solve the problem with two parallel faces, and the related stress or displacement functions are constructed in the form of infinite series about the image points. For example, by taking the two interfaces as reflection faces, Aderogba [2003] established a theorem to generate the Airy stress function for trimaterials comprised of two semi-infinite planes separated by a thick layer due to a point force applied in or near the intermediate layer. By adopting the interface and surface as the reflection faces, Xu and Mutoh [2003a; 2003b] derived the analytical solutions for both two-and threedimensional problems of coated semi-infinite bodies subjected to a concentrated force on the surface. By introducing two series image points, Li and Xu [2004; 2007] obtained the fundamental solutions for a coated semi-infinite plane subjected to a concentrated force in the interior of the coating layer and substrate as well as at the interface. Most recently, Yang and Xu [2009] deduced the three-dimensional analytical solution of coated materials with concentrated forces in the interior of the coating layer.
In the literature above, the image method was applied to isotropic materials. In fact, this method can also be applied to anisotropic materials. For example, Willis [1970] and Barnett and Lothe [1974] considered Green's functions for the two-dimensional deformation of an anisotropic elastic half-space subjected to a line force and/or a line dislocation inside it. Ting [1992] discussed in detail the image singularities of Green's functions for an anisotropic elastic half-space and bimaterials subjected to line forces and line dislocations based on Stroh's formalism. It should be mentioned that the locations of image singularities of Green's functions for the half-plane depend on anisotropic elastic constants and there are at most nine image points located at different positions with respect to the object point. Therefore, it is difficult to apply the conventional image method to obtain the solution of the anisotropic problem with two reflection faces directly. Nevertheless, recently, some particular mathematical approaches were employed by fewer researchers to treat certain layered half-planes with complex material constants. For instance, by using the Lekhnitskii formalism for anisotropic elastic materials and the Fourier-transformation technique, Ma and Lin [2002a] obtained the analytical solutions for stresses in the anisotropic layered half-plane subjected to concentrated forces and edge dislocations in the thin layer or in the half-plane. Applying the Fourier transform method and the series expansion technique, an effective analytic methodology was developed by Ma and Lee [2009] to construct the full-field explicit solutions for a transversely isotropic magnetoelectroelastic layered half-plane subjected to generalized line forces and edge locations. In these problems, the complete solutions consist of the simplest solutions for the infinite medium with applied loadings, and the physical meaning of these simplest solutions is the image method.
In this paper, in order to obtain the explicit analytical solution for coated materials subjected to an arbitrary concentrated force on the free surface, we make use of the general solution of the displacement method as well as the image point method to construct the displacement functions in terms of infinite series of harmonic functions. According to the free boundary and interface continuity conditions, the
recurrence formulae for the harmonic functions are derived and all harmonic functions can be determined from the initial harmonic functions, which correspond to the first-order image point and are the displacement functions for the semi-infinite plane subjected to a concentrated force on the free surface.
Analytical model
The coated material is modeled as a surface layer with thickness h bonded perfectly to a half-plane, as shown in Figure 1 . An arbitrary concentrated force is decomposed into a normal force F x and a tangential force F y applied at the point O 1 on the free surface of the surface layer. The surface layer and half-plane materials are numbered I and II, respectively; their shear moduli and Poisson's ratios are µ I , µ II , ν I , and ν II . We place the origin O of the global coordinate system on the interface just beneath the loading point O 1 and the x-axis along the interface. By use of the reciprocal reflections of the loading point O 1 on the interface and free surface, infinite image points will be produced on the x y-plane, i.e., the image points O k (k = 1, 2, 3, . . .) in the upper half-plane and C k (k = 1, 2, 3, . . .) in the lower half-plane. Introducing the local coordinates (x, y k ) and (x, η k ) with their origins located at O k and C k , respectively, the relationships between the local and global coordinates can be expressed as
The displacement and traction continuity conditions on the interface can be represented as
and the free surface condition can be written as
where subscript I and II refer to materials I and II, respectively. 
Derivation of theoretical formulae
The general solution of the displacement method for isotropic plane problems can be obtained from [Wu and Liu 2008] as
where and are the two displacement functions which are harmonic, µ is the shear modulus, κ = 3−4ν for plane strain and (3 − ν)/(1 + ν) for plane stress, and ν is Poisson's ratio.
Substituting (4) and (5) into (2) and (3), respectively, one has
where = µ II /µ I , and
In order to solve the displacement functions I , I , II , and II , assume that these functions can be written in series form as
where A k , φ k , a k , ψ k , B k , and b k are harmonic functions with respect to x and y k or η k . Considering the remote stress condition (the stresses should vanish at infinite), all functions on the right in (8) must be singular at their corresponding origins. Since there is no stress singularity in the material II, the displacement functions of the material II cannot contain any term related to the image points in the lower half-plane. From (1), it is easy to find that
Substituting (8) into (6) and using (9), one obtains, at y = 0,
These equations are of the form L(x, η k ) = R(x, y k ) (L and R being the left and right sides of the equation, respectively). Because (10) is valid only on the interface where the local coordinate values satisfy y k = −η k = −(2k − 1)h, we have the interchange laws
Applying (11) to (10), we obtain
Equations (12) and (13) show that the four harmonic functions B k , b k , φ k , and ψ k can be calculated by using the other two ones, A k and a k . In (13), y k = −η k means that y k on the right side should be replaced by −η k to obtain φ k and ψ k .
Substituting the values of I and I from (8) into (7), using the relation (9), and considering the symmetric relations of the image points O k+1 and C k about the free surface, we have 
Equation (14) is in the form L(x, y k+1 ) = R(x, η k ). On the free surface y = h, the local coordinate values satisfy y k+1 = −η k = −2kh; thus we can get the interchange laws in the form
Applying (16) to (14), one has
From (17), we find that the harmonic functions A k+1 and a k+1 can be obtained from φ k and ψ k . In (17), η k = −y k+1 means that η k on the right side should be replaced by −y k+1 to obtain A k+1 and a k+1 . Equation (17) shows that the harmonic functions corresponding to the order k + 1 can be deduced from the ones to the order k. Therefore, if the functions A 1 and a 1 are given, all functions on the right in (8) can be derived by using (12), (13), and (17).
To determine the functions A 1 and a 1 , one should consider simultaneously (15) and the condition of a concentrated force applied at the point O 1 on the free surface. It is not difficult to find that the solutions for the normal and tangential concentrated forces on the free surface of a semi-infinite plane satisfy these conditions. Considering the parallel translation of the coordinate system, the functions A 1 and a 1 for the normal and tangential forces can be found, respectively, as
It is easy to demonstrate that (18) and (19) are all harmonic functions and satisfy (15) as well as the condition of the concentrated force applied at the point O 1 . To this time, all harmonic functions appearing on the right in (8) can be derived through the recurrence as shown in (12), (13), (17), and (18) or (19). Therefore, the analytical solution for coated materials subjected to an arbitrary concentrated force on the free surface is obtained explicitly.
Numerical results
For a verification of the correctness of the above theoretical formulae, the stresses along the interface of a coated material (Figure 2 ) have been numerically analyzed by ABAQUS based on the displacement finite element method concerning the plane strain analysis. Since the thickness of the surface layer is very thin, it can be considered as a thin film bonded to the free surface of a semi-infinite plane. In Figure  2 , the height and width of the substrate are taken as one and two hundred times the thickness of the film, respectively. Although half of the analytical model can be selected for the numerical calculation due to the symmetry and anti-symmetry of the problem, the whole model was till treated for the numerical analysis to obtain the accurate numerical results of the nodes at and near the symmetric axis y. The finite element mesh, containing 6200 elements and 18841 nodes, is shown in Figure 3 . The material constants are E I = 546 GPa, E II = 206 GPa, and ν I = ν II = 0.3, respectively. Tables 1-4 compare the theoretical and FEM results of the stress components along the interface for the normal and tangential concentrated forces, respectively, where n = k means that the orders of the image point from one to k are considered in the analytical solution. From these tables it can be observed that the higher the order of the image point is considered, the better the theoretical results agree with the FEM ones, and the convergence rates are all very rapid. From Table 1 it can be found that the maximum of the stress component σ y is about 0.513892 MPa for the theoretical result and 0.517178 MPa for the FEM one at x = 0, and the relative error is 0.64%. Table 2 shows that the minimum of the stress component τ x y is about −0.166807 MPa for the theoretical result and −0.168955 MPa for the FEM one at x = 0.6 mm, and the relative error is 1.27%. Table 3 indicates that the minimum of the stress component σ y is about Table 1 . Normal stress σ y along the interface for the case of F x = 0 and F y = 1 N. Table 2 . Shear stress τ x y along the interface for the case of F x = 0 and F y = 1 N. −0.143830 MPa for the theoretical result and −0.143788 MPa for the FEM one at x = 0.6 mm, and the relative error is 0.03%. In Table 4 , the maximum of the stress component τ x y is about 0.101641 MPa for the theoretical result and 0.102782 MPa for the FEM one at x = 1.2 mm, and the relative error is 1.11%. Table 3 . Normal stress σ y along the interface for the case of F x = 1 N and F y = 0. Table 4 . Shear stress τ x y along the interface for the case of F x = 1 N and F y = 0. the stress components at different locations for the cases of F x = 0 and F y = 1 N as well as F x = 1 N and F y = 0, respectively. On the other hand, to maintain the accuracy of the analytical solution, the different orders of image points should be needed for the various matches of material constants. Given ν I = ν II = 0.3 and E I = 546 GPa, Figure 6 displays the required image point order to obtain the results with the relative error below 2.5%. It can be found that the larger the difference of the material constants is, the more image points are needed.
Conclusions
In this paper, we derived the analytical solution for the plane problem of the coated material subjected to an arbitrary concentrated force on the free surface by using the general solution of the displacement method as well as the image point method. This solution is given explicitly as the summation of the harmonic functions corresponding to each image point, and the harmonic functions corresponding to the higher-order image points can be determined from those to the lower-order ones through the recurrence. The numerical results verified the correctness and rapid convergence of the analytical solution obtained in this paper. The enough accurate theoretical results can be obtained only by considering image points of the first several order.
